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PROJECTIVE SUPERSPACES IN PRACTICE
SERGIO LUIGI CACCIATORI AND SIMONE NOJA
Abstract. This paper is devoted to the study of supergeometry of complex projective super-
spaces Pn|m. First, we provide formulas for the cohomology of invertible sheaves of the form
OPn|m p`q, that are pull-back of ordinary invertible sheaves on the reduced variety Pn. Next, by
studying the even Picard group Pic0pPn|mq, classifying invertible sheaves of rank 1|0, we show
that the sheaves OPn|m p`q are not the only invertible sheaves on Pn|m, but there are also new gen-
uinely supersymmetric invertible sheaves that are unipotent elements in the even Picard group.
We study the Π-Picard group PicΠpPn|mq, classifying Π-invertible sheaves of rank 1|1, proving
that there are also non-split Π-invertible sheaves on supercurves P1|m. Further, we investigate
infinitesimal automorphisms and first order deformations of Pn|m, by studying the cohomology
of the tangent sheaf using a supersymmetric generalisation of the Euler exact sequence. A special
special attention is paid to the meaningful case of supercurves P1|m and of Calabi-Yau’s Pn|n`1.
Last, with an eye to applications to physics, we show in full detail how to endow P1|2 with
the structure of N “ 2 super Riemann surface and we obtain its SUSY-preserving infinitesimal
automorphisms from first principles, that prove to be the Lie superalgebra ospp2|2q. A particular
effort has been devoted to keep the exposition as concrete and explicit as possible.
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1. Introduction
The aim of this paper is to study the supergeometry of complex projective superspaces in some
depth. Indeed, even if projective superspaces are considered well-understood supermanifolds -
they are split supermanifolds and different realisations are known ([4] [5] [8] [9]) - and they entered
several well-known formal constructions in theoretical physics (see for example [1] [2] [15]), some
of their geometric structures, constructions and properties have never been established on a solid
basis and investigated in detail. In this paper we would like to fill this gap and give a complete a
rigorous treatment of the subject.
After having reviewed the main definitions in the theory of supermanifolds and the various
constructions of projective superspaces, we concentrate on invertible sheaves of rank 1|0 on Pn|m.
We carry out a detailed computation of Čech cohomology of the sheaves of the form OPn|mp`q, thus
providing a (partial) supersymmetric analog of the celebrated Bott formulas for ordinary projective
spaces.
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Then, we study the even Picard group of projective superspaces, Pic0 pPn|mq, that classifies
locally-free sheaves of rank 1|0 over Pn|m. In particular, we show that in the case of the supercurves
P1|m the even Picard group has a continuous part and we give the explicit form of its generators,
proving that there exist genuinely supersymmetric invertible sheaves on Pn|m that do not come
from any ordinary invertible sheaves OPnp`q on Pn. These prove to be non-trivial geometric objects,
indeed they have in general a non-trivial cohomology, as we show by mean of an example.
Further, we show that the case of the supercurves P1|m proves to be special also when looking at
the Π-invertible sheaves, that is sheaves of rank 1|1 with a certain “exchange symmetry” between
their even and odd part, called Π-symmetry. Indeed, when looking at Π-invertible sheaves on P1|m,
one finds that for m ą 2, beside the usual split Π-invertible sheaves of the kind L ‘ ΠL, for L a
locally-free sheaf of rank 1|0 on P1|m, one gets non-split Π-invertible sheaves as well, that cannot
be presented in the split form.
Later, we study the cotangent sheaf on a generic, possibly non-projected, supermanifold, estab-
lishing the short exact sequences it fits into. We then specialise to the case of projected super-
manifolds, proving that in this case the Berezinian sheaf - that plays a fundamental role in the
theory of integration on supermanifolds - can be reconstructed by means of elements defined of
the reduced variety, i.e. the canonical bundle of the reduced variety Mred itself and the determi-
nant of the fermionic sheaf, that is actually a sheaf of locally-free OMred-modules. This allows to
establish on rigorous basis a result that has been already used, especially in theoretical physics:
BerpPn|mq – OPn|mpm´n´1q. In particular, we call supermanifolds having trivial Berezinian sheaf
- such as Pn|n`1 for each n ě 1 - generalised Calabi-Yau supermanifolds (henceforth Calabi-Yau
supermanifolds, see [3] and [10] for some issues related to this definition in supergeometry), by
similarity with the ordinary setting. This is so because the Berezinian sheaf somehow plays the
role of canonical sheaf on ordinary manifolds: indeed, as in the ordinary setting one integrates
sections of canonical sheaf, in a supersymmetric setting one integrates sections of the Berezinian
sheaf instead.
Next, using a supersymmetric generalisation of Euler exact sequence, we study the cohomology
of the tangent sheaf of Pn|m, which is related to the infinitesimal automorphisms and the first order
deformations of Pn|m. In this context, we find that supercurves over P1 yield again the richest
scenario, allowing for many deformations as their odd dimension increases.
Then, after we have dealt with the case of supercurves, the example of the Calabi-Yau super-
manifold P1|2 is examined. In particular, we show in full details how to endow P1|2 with a structure
of N “ 2 super Riemann surface. In this context, we show how to recover from first principles
the N “ 2 SUSY-preserving automorphisms of P1|2 when structured as a N “ 2 super Riemann
surface. These SUSY-preserving automorphisms prove to be isomorphic to the Lie superalgebra
ospp2|2q, we give a physically relevant presentation of, by exhibiting a particularly meaningful
system of generators and displaying their structure equations.
Next we briefly address how to give the structure of N “ 2 semi-rigid Riemann surface to P1|2
by means of a certain twist : this supermanifold is the basic ingredient in genus 0 topological string
theory, a topic that we will addressed from a purely supergeometric point of view in a forthcoming
paper. To conclude, we study the supergeometry of the so-called twistorial Calabi-Yau P3|4, that
enters many constructions in theoretical physics. A supersymmetric generalisation of the expo-
nential exact sequence - we call it even exponential exact sequence -, that is used throughout the
paper is proved in Appendix A.
Acknowledgments: the authors would like to thank Riccardo Re for several illuminating discus-
sions and useful comments on the draft of this paper.
2. General Definitions and Notations
Before we start, we give some fundamental definitions in supergeometry and we fix some notations
For a more thorough treatment of the general theory of supermanifolds, see for example [8].
First of all, on the algebraic side, we recall that a superalgebra is a Z2-graded algebra A “
A0 ‘A1, whose even elements commute and whose odd elements anti-commute.
The most basic example of complex supermanifold is the complex superspace Cn|m ..“ pCn,OCn bŹrξ1, . . . , ξmsq, that is the ringed space whose underlying topological space is given by Cn endowed
with the complex topology and whose structure sheaf is given by the sheaf of superalgebras obtained
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by tensoring the sheaf of holomorphic function on Cn with the Grassmann algebra generated by
m elements tξ1, . . . , ξmu.
More in general, in the same fashion of the ordinary theory of complex manifold, a complex
supermanifold of dimension n|m is a locally ringed space p|M |,OM q, for |M | a topological space
and OM a sheaf of superalgebras, that it is locally isomorphic to Cn|m (in the Z2-graded sense).
Clearly, a morphism of supermanifolds ϕ : M Ñ N is therefore a morphism of locally ringed space,
that is a pair
pφ, φ7q : p|M |,OM q ÝÑ p|N |,ON q (1)
where φ : |M | Ñ |N | is a continuous map and φ7 : ON Ñ φ˚OM is a morphism of sheaves of
superalgebras (thus respecting the Z2-grading). These are the kind of morphisms defining the
local isomorphisms entering the definition of supermanifold given above.
To every supermanifold M is attached its reduced manifold Mred, consisting, as a locally ringed
space, of a pair p|M |,OMredq : this is an ordinary manifold, whose structure sheaf OMred is given by
the quotient OM {JM , where JM is the nilpotent sheaf, actually a sheaf of ideals in OM (looking at
it as a usual classical scheme, Mred, is a reduced scheme, while M is not). In other words, given
any supermanifold M , this corresponds to the existence of a close embedding as follows:
ι ..“ pi, i7q : p|M |,OM {JM q Ñ p|M |,OM q. (2)
Collectively, we will just denote it by ι : Mred Ñ M . By the way, what really matter here, is that a
supermanifold comes endowed with a sheaf morphism i7 : OM Ñ OMred (notice that i : |M | Ñ |M |
is the identity, for the underlying topological space remains the same!). Being ι : Mred Ñ M a
closed embdedding, we have that i7 : OM Ñ OMred is surjective on the stalks, therefore this leads
to the existence of the following short exact sequence of sheaves of OM -modules over |M |:
0 // JM // OM // OM {JM // 0, (3)
which we will call the structural exact sequence for M .
The above short exact sequence does not split in general and if it does the supermanifold M is said
to be projected. Indeed, a splitting corresponds to the existence of a morphism of supermanifolds
pi : M Ñ Mred given by
pi ..“ p p, p7q : p|M |,OM q ÝÑ p|M |,OMredq, (4)
splitting the short exact sequence above:
0 // JM // OM ι // OM {JM
pi
xx
// 0 (5)
In case such a splitting (pi ˝ ι “ idMred) exists, one has that globally, OM “ OMred ‘ JM and the
structure sheaf OM becomes a sheaf of OMred-module also, because:
pOMred bOM OM q pUq // OM pUq
f b s  // pi7U pfq ¨ s.
Notice that in general the projection above does not exist: in this case the supermanifold is said
non-projected and its structure sheaf is not a sheaf of OMred-modules, see [3] for more details and
examples of non-projected supermanifolds over projective spaces.
Given a supermanifold M such that dimCM “ n|m, and its nilpotent sheaf JM , we can form a
JM -adic filtration on OM of length m, that is
J 0M ..“ OM Ą JM Ą J 2M Ą J 3M Ą . . . Ą JmM Ą Jm`1M “ 0. (6)
We call GrpiqOM ..“ J iM
M
J i`1M the J iM -adic component of OM and we define the following Z2-
graded sheaf
GrOM ..“
mà
i“0
GrpiqOM “ OMred ‘ JM
L
J 2M ‘ . . .‘ Jm´1M
L
JmM ‘ JmM . (7)
where the Z2-grading is obtained by taking the obvious Z-grading mod 2. Then, we call the su-
perspace GrM ..“ p|M |,GrOM q the split supermanifold associated to M . By definition, every
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supermanifold M is locally isomorphic to GrM . We say that a supermanifold M is split if it is
globally isomorphic to GrM .
Moreover, because of its importance, we reserve the name of fermionic sheaf to the first component
of the filtration above, Grp1q ..“ JM {J 2M and we denote it with FM . Notice this is a locally-free
sheaf of OMred-modules of rank 0|m.
For future use, we also briefly recall the notion of direct image sheaf and inverse image sheaf.
Given a continuous map φ : |M | Ñ |N | between two topological spaces and a sheaf F over |M |, we
say that the direct image sheaf of F is defined as
|N | Q V ÞÝÑ φ˚FpV q ..“ Fpφ´1pV qq. (8)
This is nothing but a (sort of) push-forward operation, for it makes a sheaf over |N | out of a sheaf
over |M |.
The inverse image sheaf cannot be defined the same way, indeed given a sheaf G over |N |, it cannot
be defined as |M | Q U ÞÑ φ˚GpUq “ GpφpUqq for in general φpUq is not an open set in |N |, therefore
instead of φpUq we take its “best approximation” as open set and we define the inverse image sheaf
as follows
|M | Q U ÞÝÑ φ´1GpUq ..“ ČlimÝÑ
VĚφpUq
GpV q. (9)
Note that the above assignation defines a pre-sheaf, so we need to take its sheafification in order
to have a sheaf over |M |. This, instead, corresponds to a (sort of) pull-back operation, indeed we
get a sheaf over |M | out of a one over |N |.
Actually, the situation changes a bit when dealing with locally ringed space or schemes and sheaves
over them. We therefore consider two locally ringed spaces or schemes M ..“ p|M |,OM q and
N ..“ p|N |,ON q together with a morphism ϕ : M Ñ N between them. Given a sheaf F of OM -
modules, we can take its push-forward ϕ˚F as above: this defines a sheaf of pϕ˚OM q-modules, but
thanks to φ7 : ON Ñ φ˚OM this becomes naturally a sheaf of ON -modules. Indeed, taking V P |N |
we have
φ7V : ON // OM pφ´1pV qq
s
 // φ7V psq
(10)
and we can give a ON -module structure on ϕ˚F as follows
pON bφ˚OM ϕ˚FqpV q ÝÑ ϕ˚FpV q (11)
sb t ÞÝÑ f 7V psq ¨ t. (12)
Given a sheaf of ON -modules, instead, we can define its pull-back sheaf as the sheaf of OM -modules
defined as follows
U ÞÝÑ ϕ˚GpUq ..“ pOM bφ´1ON φ´1GqpUq. (13)
Notice that here it is mandatory to take the tensor product with OM in order to have that ϕ˚G is
indeed a sheaf of OM -modules (otherwise it would just be a sheaf of pφ´1ON q-modules).
3. Projective Superspaces and Cohomology of OPn|mp`q
Given the usual complex superspace Cn`1|m ..“ pCn`1,OCn`1 b
Źrξ1, . . . , ξmsq, one can form
the superspace pCn`1|mqˆ simply by considering the obvious restriction of Cn`1|m to the open set
Cˆ ..“ Cn`1 z t0u.
As in [8], the (complex) projective superspace Pn|m is the supermanifold obtained as the quotient
of pCn`1|mqˆ by the action C˚ ýpCn`1|mqˆ defined as
λ ¨ px0, . . . , xn, ξ1, . . . , ξmq ..“ pλx0, . . . , λxn, λξ1, . . . , λξmq (14)
where λ is an element of the multiplicative group C˚ ..“ C z t0u.
Following again [8], we have that Pn|m is canonically isomorphic to GrPn|m, thus it is a split
supermanifold. As we have seen, it follows that there exists a projection pi : Pn|m Ñ Pn, more
precisely pid|Pn|, pi7q : pPn,OPn|mq Ñ pPn,OPnq where pi7 : OPn Ñ id˚OPn|m is a homomorphism
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of sheaves that embeds OPn into OPn|m and it endows OPn|m with the structure of sheaf of OPn -
modules. Given the projection pi : Pn|m Ñ Pn, for the sake of precision, we should denote by
pi˚OPn|m the structure sheaf of Pn|m when looked at as a sheaf of OPn-module. Since this specifi-
cation does not make any difference for our purposes, we will simply keep writing OPn|m instead
of pi˚OPn|m .
In particular, we have the splitting as OPn -modules
pi˚OPn|m “
tm{2uà
k“0
OPnp´2kq‘pm2kq ‘Π
tm{2u´δ0,mmod2à
k“0
OPnp´2k ´ 1q‘p m2k`1q, (15)
where we have inserted the symbol Π as a reminding for the parity reversing.
The `-shifted sheaf pi˚OPn|mp`q therefore is given by
pi˚OPn|mp`q “
tm{2uà
k“0
OPnp´2k ` `q‘pm2kq ‘Π
tm{2u´δ0,mmod2à
k“0
OPnp´2k ´ 1` `q‘p m2k`1q. (16)
Thus, we can use the well-known results about the cohomology of OPnp`q to compute the cohomol-
ogy of pi˚OPn|mp`q: by the way, here and in what follows, for the sake of brevity we will denote it
simply as OPn|mp`q since, again, due to the projected/split property it does not make any difference
for our ends. We recall that
h0pOPnp`qq “
ˆ
`` n
`
˙
hnpOPnp`qq “
ˆ |`| ´ 1
|`| ´ n´ 1
˙
(17)
where ` ě 0 in the first equality and ` ă 0 and |`| ě n` 1 in the second equality.
It is an easy consequence of the previous decomposition that when dealing with Pn|‹ we will only
have 0-th and n-th cohomology, while all the other cases will be zero.
Before we start, we also observe that we will consider together the even and odd dimensions of the
cohomology, by looking at the sheaf of OPn -modules above simply as
OPn|mp`q “
mà
k“0
OPnp´k ` `q‘pmk q, (18)
this will make the combinatorics easier. It will be nice and useful to separate even and odd
dimension at some point.
We start considering the 0-th cohomology of OPn|mp`q. We have to deal with two cases: when
m ă `, and therefore all the bits in the decomposition are contributing, and when m ě ` and
therefore just the first ` contribute.
‚ m ă ` : in this case we sum over all the contributions:
h0pOPn|mp`qq “
mÿ
k“0
ˆ
m
k
˙ˆ
`´ k ` n
`´ k
˙
“
mÿ
k“0
m!p`´ k ` nq!
pm´ kq!k!p`´ kq!n!
“ 1
n!
mÿ
k“0
ˆ
m
k
˙ p`´ k ` nq!
p`´ kq! “
1
n!
mÿ
k“0
ˆ
m
k
˙
p`´ k ` nq ¨ . . . ¨ p`´ k ` 1q
“ 1
n!
mÿ
k“0
ˆ
m
k
˙„
dn
dxn
x`´k`n

x“1
“ 1
n!
dn
dxn
„
x``n
ˆ
1` 1
x
˙m
x“1
“ 1
n!
dn
dxn
“px` 1q``n´mpx` 2qm‰
x“0 (19)
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‚ m ě ` : in this case we only sum over the first ` contributions:
h0pOPn|mp`qq “
ÿ`
k“0
ˆ
m
k
˙ˆ
`´ k ` n
`´ k
˙
“
ÿ`
k“0
m!p`´ k ` nq!
pm´ kq!k!p`´ kq!n!
“ m!
n! `!
ÿ`
k“0
ˆ
`
k
˙ p`´ k ` nq!
pm´ kq! “
m!
n! `!
ÿ`
k“0
ˆ
`
k
˙
p`´ k ` nq ¨ . . . ¨ pm´ k ` 1q
“ m!
n! `!
ÿ`
k“0
ˆ
`
k
˙„
d``n´m
dx``n´m
x`´k`n

x“1
“ m!
n! `!
d``n´m
dx``n´m
«
x``n
ˆ
1` 1
x
˙`ff
x“1
“ m!
n! `!
d``n´m
dx``n´m
“px` 1qnpx` 2q`‰
x“0 (20)
We now keep our attention on the contribution given by the n-th cohomology. Again, one needs
to distinguish between two cases: namely, when ` ` n ` 1 ď 0 we have that all the bits in the
decomposition contribute to the cohomology, while if ` ` n ` 1 ą 0 we find that the only bits
contributing are the ones having k ě `` n` 1.
‚ `` n` 1 ď 0 : in this case we sum over all the contributions:
hnpOPn|mp`qq “
mÿ
k“0
ˆ
m
k
˙ˆ
k ´ `´ 1
k ´ `´ n´ 1
˙
“
mÿ
k“0
m!pk ´ `´ 1q!
pm´ kq!k!n!pk ´ `´ n´ 1q!
“ 1
n!
mÿ
k“0
ˆ
m
k
˙ pk ´ `´ 1q!
pk ´ `´ n´ 1q! “
1
n!
mÿ
k“0
ˆ
m
k
˙
pk ´ `´ 1q ¨ . . . ¨ pk ´ `´ nq
“ 1
n!
mÿ
k“0
ˆ
m
k
˙„
dn
dxn
xk`|`|´1

x“1
“ 1
n!
„
dn
dxn
x|`|´1p1` xqm

x“1
“ 1
n!
„
dn
dxn
px` 1q|`|´1px` 2qm

x“0
(21)
Actually, this holds in the case 1 ď |`| ď n. In the special sub-case ` “ ´1, one finds:
hnpOPn|mp´1qq “ 1n!
„
dn
dxn
px` 2qm

“ 1
n!
m ¨ pm´ 1q ¨ . . . ¨ pm´ n` 1q ¨ 2m´n
“
ˆ
m
n
˙
¨ 2m´n (22)
‚ `` n` 1 ą 0 : in this case, the first contribution comes at k “ `` n` 1:
hnpOPn|mp`qq “
mÿ
k“``n`1
ˆ
m
k
˙ˆ
k ´ `´ 1
k ´ `´ n´ 1
˙
“ 1
n!
mÿ
k“``1
ˆ
m
k
˙„
dn
dxn
xk´`´1

x“1
“ 1
n!
«
dn
dxn
1
x``1
˜
px` 1qm ´
ÿ`
k“0
ˆ
`
k
˙
xk
¸ff
x“1
“ 1
n!
«
dn
dxn
1
px` 1q``1
˜
px` 2qm ´
ÿ`
k“0
ˆ
`
k
˙
px` 1qk
¸ff
x“0
(23)
where we stress that we have changed the sum from ` ` n ` 1 to ` ` 1 for the derivative
kills the relative terms, which therefore do not give contribution. Also, this holds for
k ě `` n` 1 ď m.
For the sake of notation we introduce the following definitions:
χmă`pn|m; `q ..“ 1
n!
dn
dxn
“px` 1q``n´mpx` 2qm‰
x“0 (24)
χmě`pn|m; `q ..“ m!
n! `!
d``n´m
dx``n´m
“px` 1qnpx` 2q`‰
x“0 (25)
ζ``n`1ď0pn|m; `q ..“ 1
n!
„
dn
dxn
px` 1q|`|´1px` 2qm

x“0
(26)
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ζ``n`1ą0pn|m; `q ..“ 1
n!
«
dn
dxn
1
px` 1q``1
˜
px` 2qm ´
ÿ`
k“0
ˆ
`
k
˙
px` 1qk
¸ff
x“0
(27)
In conclusion, we have thus proved the following theorem.
Theorem 1. Let OPn|mp`q be the sheaf of OPn|m-modules as above. Then one has the following
dimensions in cohomology:
hipOPn|mp`qq “
$’’&’’%
χmă`pn|m; `q i “ 0, m ă `
χmě`pn|m; `q i “ 0, m ě `
ζ``n`1ď0pn|m; `q i “ n, `` n` 1 ď 0
ζ``n`1ą0pn|m; `q i “ n, `` n` 1 ą 0
(28)
All the other cohomologies are null.
4. Even Picard Group and Π-Picard Group
The even invertible sheaves, that is the locally-free sheaves of OM -modules of rank 1|0 are classified
by the so-called even Picard group Pic0pM q, that can be proved to be such that Pic0pM q –
H1pO˚M ,0q (where O˚M ,0 is a sheaf of abelian group), as one might easily get by similarity with the
ordinary case. Actually, the above theorem gives the cohomology of all possible even invertible
sheaves on Pn|m, for n ě 2 - in other words all of the even invertible sheaves are of the form OPn|mp`q
for some ` in the case n ě 2. On the contrary, the situation is very different for supercurves of the
kind P1|m, as we prove in the following
Theorem 2 (Even Picard Group for Pn|m). The even Picard group of the projective superspace
Pn|m is given by
Pic0pPn|mq –
"
Z‘ Ct2m´2pm´2q`1u n “ 1, m ě 2
Z else
(29)
Proof. The main tool to be used in order to compute the even Picard group is the even exponential
short exact sequence, that is
0 // ZM // OM ,0 // O˚M ,0 // 0. (30)
where OM ,0 is the even part of structure sheaf of M , and likewise for O˚M ,0. We now consider
separately the case n ě 3, n “ 2 and n “ 1.
n ě 2 This is the easiest case, as one has HipOPn|m,0q “ 0 for i “ 1, 2. So the part of the long
exact cohomology sequence we are interested into reduces to
0 // Pic0pPn|mq // H2pZPnq – Z // 0,
so that one has Pic0pPn|mq – Z.
n “ 2 The long exact cohomology sequence reduces to
0 // Pic0pP2|mq // H2pZP2q – Z // H2pOP2|m,0q // H2pO˚P2|m,0q // 0,
this splits to give Pic0pP2|mq – Z and H2pOP2|m,0q – H2pO˚P2|m,0q.
n “ 1 This is the richest case, as one finds
0 // H1pOP1|m,0q // Pic0pP1|mq // H2pZP1q – Z // 0,
computing the dimension of H1pOP1|m,0q, one has
h1pOP1|m,0q “
tm{2uÿ
k“1
ˆ
m
2k
˙
p2k ´ 1q “ 2m´2pm´ 2q ` 1 (31)
Indeed, one can observe that
tm{2uÿ
k“1
ˆ
m
2k
˙
p2k ´ 1q “ ´
tm{2uÿ
k“1
ˆ
m
2k
˙
`
tm{2uÿ
k“1
2k
ˆ
m
2k
˙
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and using that
p1` xqm “
mÿ
k“0
kxk
ˆ
m
j
˙
ù x
d
dx
p1` xqm “
mÿ
k“0
kkxk
ˆ
m
k
˙
so that for m ě 2 one might write
x
d
dx
rp1` xqm ` p1´ xqms “ 2 ¨
tm{2uÿ
k“1
2kxk
ˆ
m
2k
˙
.
At x “ 1, the sums yields
m2m´2 “
tm{2uÿ
k“1
2k
ˆ
m
2k
˙
Putting the two bits together one finds
´
tm{2uÿ
k“1
ˆ
m
2k
˙
`
tm{2uÿ
k“1
2k
ˆ
m
2k
˙
“ p´2m´1 ` 1q ` pm2m´2q “ pm´ 2q2m´2 ` 1.
So that the conclusion follows,
Pic0pP1|mq – Z‘ Ct2m´2pm´2q`1u (32)
which concludes the proof.

The previous theorem tells us that all of the invertible sheaves on Pn|m for n ě 2 are of the form
OPn|mp`q. In other words, we can say that all of the invertible sheaves on Pn|m for n ě 2 are the
pull-backs via the projection pi : Pn|m Ñ Pn of the invertible sheaves OPnp`q on Pn. This is no longer
true in the one-dimensional case: indeed over P1|m, for m ě 2, there are invertible sheaves that
cannot the obtained by the pull-back of a certain invertible sheaf OP1p`q via pi : P1|m Ñ P1, that is
there are genuinely supersymmetric invertible sheaves on P1|m: in view of this even supergeometry
of projected, actually split supermanifolds, could effectively become a richer geometric setting
compared to its ordinary counterpart.
In the following theorem we provide the explicit form of the transition functions of the invertible
sheaves on the supercurves P1|m.
Theorem 3 (Invertible Sheaves on P1|m). The invertible sheaves on P1|m are generated by the
following transition functions
Pic0pP1|mq –
C
wk, 1`
tm{2uÿ
|rss|“1
2|rss|´1ÿ
`“1
c
rss
`
ψrss
w`
G
. (33)
where k P Z and crss` P C for each |rss| “ 1, . . . , tm{2u and ` “ 2|rss| ´ 1.
Proof. One has to explicitly compute the representative of Pic0pP1|mq – H1pO˚P1|m,0q. In order to
achieve the usual covering of P1 given by the two open sets tU ,Vu can be used, so that one has
C0ptU ,Vu,O˚P1|m,0q “ O˚P1|m,0pUq ˆO˚P1|m,0pVq (34)
C1ptU ,Vu,O˚P1|m,0q “ O˚P1|m,0pU X Vq. (35)
The Čech 0-cochains are thus given by pairs of elements of the type pP pz, θ1, . . . , θmq, Qpw,ψ1, . . . , ψmqq.
In order to write the expressions of the elements pP,Qq we use the following notation: we set
rss “ ti1, . . . , imu to be a multi-index with ik “ t0, 1u such that |rss| “ řmk“1 ik ď m and we put
θrss ..“ θi11 . . . θikk . . . θimm , (36)
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where, clearly, θ0k “ 1C. We can thus write
P pz, θ1, . . . , θmq “ a`
tm{2uÿ
k“1
ÿ
|rss|“2k
P˜rsspzqθrss “
“ a`
mÿ
iăj
P˜ijpzqθiθj `
mÿ
iăjăkăl“1
P˜ijklpzqθiθjθkθl ` . . . (37)
Qpw,ψ1, . . . , ψmq “ b`
tm{2uÿ
k“1
ÿ
|rss|“2k
Q˜rsspwqψrss “
“ b`
mÿ
iăj
Q˜ijpwqψiψj `
mÿ
iăjăkăl“1
Q˜ijklpwqψiψjψkψl ` . . . (38)
where a, b P C˚. The boundary maps δ : C0ptU ,Vu,O˚P1|m,0q Ñ C1ptU ,Vu,O˚P1|m,0q acts as
δppP,Qqq “ Qpw,ψ1, . . . , ψmqP´1pz, θ1, . . . , θmq
X
UXV . (39)
Explicitly, one finds
δppP,Qqq “ b
a
`
mÿ
iăj“1
˜
Q˜ijpwq
a
` b
a2
P˜ijp1{wq
w2
¸
ψiψj`
`
mÿ
iăjăkăl“1
˜
Q˜ijklpwq
a
´ b
a3
P˜ijklp1{wq
w4
´ 1
a2
Q˜ijpwqP˜klp1{wq
w2
¸
ψiψjψkψl ` . . . (40)
Clearly, one immediately sees that H0pO˚P1|m,0q – C˚, as the group is represented by the constant
cocycles pa, aq with a ‰ 0.
On the other hand, the elements in O˚P1|m,0pU X Vq are given by expressions having the following
form
W pw, 1{w,ψ1, . . . , ψmq “ cwk `
tm{2uÿ
k“1
ÿ
|rss|“2k
W˜rsspw, 1{wqψrss “
“ cwk `
mÿ
iăj
W˜ijpw, 1{wqψiψj `
mÿ
iăjăkăl“1
W˜ijklpw, 1{wqψiψjψkψl ` . . .
(41)
where again, clearly c P C˚, k P Z and W˜rss P Crw, 1{ws for all the multi-index rss. Confronting
the expressions in (40) and (41) one see that
‚ b{a can be used to set the coefficient c of wk to 1;
‚ For every power in the θ’s, the polynomials Q˜rsspwq kill the regular part the corresponding
W˜rss;
‚ The mixed terms, such as for example Q˜ijpwqP˜klp1{wq{w2, in (40) does not interfere any-
way, as they enter in lower-order powers in the theta’s, so that they are completely fixed.
We thus see that the non-exact 1-cocycles are given by transition functions having the following
form
H1pO˚P1|m,0q –
C
wk, 1`
tm{2uÿ
|rss|“1
2|rss|´1ÿ
`“1
c
rss
`
ψrss
w`
G
(42)
where k P Z and each of the pm´ 2q2m´2 ` 1 coefficients crss` is a complex number. 
Before we go on, we stress that one can check that Pic0pP1|mq, as seen via the isomorphism with
Z‘ Cpm´2q2m´2`1, has the structure of an abelian group with addition, that is
Z‘ pC‘ . . .‘ Cq ˆ Z‘ pC‘ . . .‘ Cq // Z‘ pC‘ . . .‘ Cq
ppk, c, . . . , cfpmqq, pk˜, c˜, . . . , c˜fpmqqq  // pk ` k˜, c` c˜, . . . cfpmq ` c˜fpmqq.
(43)
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where fpmq “ pm´ 2q2m´2 ` 1.
It is fair to say that, if on the one hand we have been able to compute the cohomology of the
invertible sheaves of the kind OPn|mpkq (actually, pull-back of some OPnpkq by pi : M Ñ Mred), it
is instead not certainly a trivial task to deduce a general formula for the cohomology of the most
general invertible supersymmetric sheaf on P1|n for n ě 2, originating by tensor product of the
generators shown above.
At this stage, it would be easy to provide a general formula for the genuinely supersymmetric
generators of the even Picard group above, but this would not help to solve the general question.
We thus limit ourselves to provide the reader with an example, as to show that these invertible
sheaves have an interesting non-trivial cohomology.
Example 1 (The Cohomology of a Supersymmetric Invertible Sheaf). We consider the following
supersymmetric invertible sheaf on P1|3:
LP1|3 ..“
#
tU ,Vu, eU “
˜
1`
3ÿ
iăj;i,j“1
ψiψj
w
¸
eV
+
(44)
for eU and eV two local frames on the open sets U and V respectively. Notice this is a generator of
the even Picard group for P1|3. It is easy to actually compute Čech cohomology. We have that
C0ptU ,Vu,LP1|3q ..“ LP1|3pUq ˆ LP1|3pVq Q pP pz, θ1, θ2qeU , Qpw,ψ1, ψ2qeVq
C1ptU ,Vu,LP1|3q ..“ LP1|3pU X Vq QW pw, 1{w,ψ1, ψ2qeV (45)
where P P Crz, θ1, θ2s, Q P Crw,ψ1ψ2s and W P Crw, 1{w,ψ1, ψ2s.
By following the usual strategy, we change coordinates as to get
P pz, θ1, θ2qeU “
˜
Ap0qpzq `
3ÿ
i“1
A
p1q
i pzqθi `
3ÿ
iăj;i,j“1
A
p2q
ij pzqθiθj `Ap3qpzqθ1θ2θ3
¸
eU
“
˜
Ap0qp1{wq `
3ÿ
i“1
A
p1q
i p1{wq
ψi
w
`
3ÿ
iăj;i,j“1
˜
A
p2q
ij p1{wq
w2
` A
p0qp1{wq
w
¸
ψiψj`
`
3ÿ
iăj;i,j“1
˜
3ÿ
i“1
p´1qi´1A
p1q
i p1{wq
w2
` A
p3qp1{wq
w3
¸
ψ1ψ2ψ3
¸
eV . (46)
One can clearly see that there is no way to get a globally defined holomorphic section, that is to
extend P pz, θ1, θ2qeU to the whole P1|3 without hitting a singularity, and this tells that h0pLP1|3q “
0|0.
Instead, considering pQ´ P q tUXV , upon using the expression above for P in the chart V, one finds
that h1pLP1|3q “ 3|2, and in particular, it is generated by the following elements:
H1pLP1|3q “
C
ψ1ψ2
w
,
ψ1ψ3
w
,
ψ2ψ3
w
ˇˇˇˇ
ˇ ψ1ψ2ψ3w , ψ1ψ2ψ3w2
G
C
(47)
where we have written the representative in the chart V: notice that all of these elements are
nilpotent, they live in JP1|3pU X Vq. The cohomology of LP1|3 is thus given by
hipLP1|3q “
"
0|0 i “ 0
3|2 i “ 1. (48)
Similar computation can be easily done for any invertible sheaves of this kind: in general, one
would again a vanishing zeroth cohomology group, while a non-vanishing - and possibly very rich
as the fermionic dimension of P1|m increases - first cohomology group.
Actually, the case of the supercurves differs from the higher-dimensional case also when looking
at the Π-invertible sheaves, we call them LΠ (see in particular [8], [9] for an introduction to the
matter and [11] for a recent construction of Π-projective spaces, the supermanifolds supporting
these particular kind of sheaves): these are “special” sheaves of rank 1|1 on M endowed with an
odd endomorphism Π : LΠ Ñ LΠ, exchanging their even with their odd part.
Given a locally-free sheaf of OM -modules L on M , a trivial, or better, split Π-invertible sheaf on
M is simply given by LsΠ ..“ L‘ΠL and the odd endomorphism Π acts as the exchange of factors.
But there might be non-trivial (non-split) Π-invertible sheaves. Indeed, following Manin, the set
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of isomorphism classes of Π-invertible sheaves, call it PicΠpM q is isomorphic to the cohomology
group H1pO˚M q. Notice that this is not actually a group, but actually a pointed-set, as O˚M is not
a sheaf of abelian groups. This pointed-set, in turn fits into an exact sequence
¨ ¨ ¨ // Pic0pM q // PicΠpM q // H1pOM ,1q δ // H2pO˚M ,0q.
The first map above is defined as follows:
Pic0pM q // PicΠpM q
L  // L‘ΠL.
(49)
It is clear that, because of exactness, the obstruction to split a Π-invertible sheaf lies in the kernel
of the boundary map δ. We thus have the following simple corollaries to the previous theorem
Corollary 1 (Π-Invertible Sheaves on Pn|m for n ą 1). All of the Π-invertible sheaves on Pn|m
for n ą 1 are split, that is they are of the form
LsΠ “ OPn|mp`q ‘ΠOPn|mp`q (50)
for some OPn|mp`q.
Proof. In the case Pn|m, when n ą 1, one finds H1pOP2|m,1q “ 0 for every m, therefore one has that
the only Π-invertible sheaves on Pn|m are those of the form LsΠ “ OP2|mp`q‘ΠOP2|mp`q, as we have
already proved that L “ OPn|mp`q are the only invertible sheaves on Pn|m in the case n ą 1. 
Corollary 2 (Π-Invertible Sheaves on P1|m). There are non-split Π-invertible sheaves on P1|m if
and only if m ą 2.
Proof. On P1|m, one finds that clearly H2pO˚P1|m,0q “ 0 and H0pOP1|m,1q “ 0 for every m. Also,
H1pOP1|m,1q ‰ 0 for m ě 3, thus there can be non-split Π-invertible sheaves on P1|m for m ě 3. In
particular
h1pOP1|m,1q “
tm{2u´δ0,mmod2ÿ
m“1
ˆ
m
2k ` 1
˙
2k “ 2m´2pm´ 2q, (51)
so that one has a short exact sequence in the case m ě 3, that reads
0 // Z‘ C2m´2pm´2q`1 // PicΠpM q // C2m´2pm´2q δ // 0.
One finds that kerpδq – C2m´2pm´2q (as a pointed-set).
The cases m “ 1 and m “ 2 are special in that one has H1pOP1|m,1q “ 0, so that the only Π-
invertible sheaves are split of the form LsΠ “ L ‘ ΠL for a certain invertible sheaf L on P1|m, for
m “ 1, 2. 
5. Cotangent Sheaf and Berezinian Sheaf of a Supermanifold
In this section we first work in full generality to see what happens when dealing with the sheaf of
1-forms on a generic supermanifold M . Once the general framework is established, we specialise
to the case of projected supermanifolds and workout the example of projective superspaces Pn|m,
we are particularly concerned with.
It is an early result due to Leites that the tangent sheaf TM of a (say complex) supermanifoldM of
dimension p|q is locally-free, having a local basis given by the derivations tBz1 , . . . , Bzp , Bθ1 , . . . , Bθqu.
The cotangent sheaf or sheaf of 1-forms Ω1M is defined as the dual of the tangent sheaf pTM q_ “
HomOM pTM ,OM q. It is locally free as well and a local basis is given by tdz1, . . . , dzp, dθ1, . . . , dθqu,
with a duality pairing with the tangent space (locally) given by:
x¨, ¨yU : pTM bOM Ω1M qpUq // OM pUq
D b ω  // xD,ωyU
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if D and ω are local sections of TM and Ω1M respectively. Given two local sections of the structure
sheaf f, g P OM pUq, the duality paring reads
xfD, g ωyU “ p´1q|D|¨|g|fg xD,ωyU . (52)
We now consider a generic supermanifold M , that is, in principle, we only have an embedding
ι : Mred Ñ M , which allows us to have an exact sequence of OM -modules as follows
0 // NOM // Ω1M
resOM // ι˚Ω1Mred // 0 (53)
where N is a suitable sheaf of OM -module, actually kernel of the map resOM : Ω1M Ñ ι˚Ω1Mred ,
where ι˚Ω1Mred is the push-forward of the sheaf of 1-forms over the reduced variety Mred, that is
indeed a sheaf of OM -modules.
Likewise, we can also consider the pull-back of the previous short exact sequence:
0 // NOMred // ι˚Ω1M
resOMred // Ω1Mred
// 0 (54)
This gives a short exact sequence of OMred-modules. Here, similarly as above NOMred is the kernel.
Notice that the pull-back by ι makes the short exact sequence well-defined for we have ι˚Ω1M “
i´1Ω1M bi´1OM OMred .
We now wonder if there actually exists a projection pi : M Ñ Mred splitting the exact sequence
above. In presence of the projection, it makes sense to consider the following short exact sequence
of OM -modules:
0 // pi˚Ω1Mred // Ω
1
M
//// QOM // 0 (55)
where now QOM is a suitable quotient and pi˚Ω1Mred “ OM bp´1OMred p´1Ω1Mred . This short exact
sequence splits,
0 // pi˚Ω1Mred imm
// Ω1M
proj
ww
// QOM // 0. (56)
Notice that QOM is therefore the quotient QOM ..“ Ω1M
L
pi˚Ω1Mred , so locally, we have that elements
in QOM are of the form OM ¨ tdz1, . . . , dzp, dθ1, . . . , dθqumodOM ¨ tdz1, . . . , dzpu.
Locally, over an open set U Ď |M | we have:
pi˚Ω1MredpUq
immU // Ω1M pUq
projU // pi˚Ω1MredpUq
OM ¨ tdz1, . . . , dzpu  // OM ¨ tdz1, . . . , dzp, 0 . . . , 0u  // OM ¨ tdz1, . . . , dzpu.
Therefore, when dealing with a projected / split supermanifold that possess a morphism pi : M Ñ
Mred, we can consider the sheaf of 1-form Ω1M as given by a direct sum, as follows:
0 // pi˚Ω1Mred // pi
˚Ω1Mred ‘QOM // QOM // 0. (57)
Now we need the following
Corollary 3. Let M be a projected supermanifold, with projection given by pi : M Ñ Mred. The
the following isomorphism holds
pi˚FM – Ω1M
M
pi˚Ω1Mred . (58)
Proof. Locally elements in pi˚FM can be written as θamodJ 2M for a “ 1, . . . ,m where m is the
odd dimension of M , while elements in Ω1M
L
pi˚Ω1Mred have a local form given by dθ
amodpi˚Ω1Mred ,
again for a “ 1, . . . ,m where m odd dimension of M . The isomorphism we are considering reads
pi˚FM // Ω1M
L
pi˚Ω1M
θj modJ 2M  // dθj modpi˚Ω1Mred .
(59)
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We need this to hold true when passing from chart to chart, that is we need that ηj modJ 2M go
to dηj modpi˚Ω1Mred , therefore we consider another local chart of M having local coordinates given
by pyi|θjq, and we consider the transformation of dxi and of dθj for
dyi “
ÿ
b
Byi
Bxb dx
b `
ÿ
b
Byi
Bθb dθ
b “
ÿ
b
Byi
Bxb dx
b ” 0modpi˚Ω1Mred , (60)
as Bθbyi “ 0 since M is projected and therefore y “ ypxq. Moreover, remembering that ηj ”ř
b f
j
b pxqθbmodJ 2M , one has
dηj “
ÿ
b
Bηj
Bxb dx
b `
ÿ
b
Bηj
Bθb dθ
b
“
ÿ
b
B
Bxb
˜ÿ
c
f jc pxqθcmodJ 2M
¸
dxb `
ÿ
b
B
Bθb
˜ÿ
c
f jc pxqθcmodJ 2M
¸
dθb
“
ÿ
b,c
Bf jc pxq
Bxb θ
cmodJ 2M dxb `
ÿ
b
f jb pxqmodJ 2M dθb
”
ÿ
b
f jb pxqdθbmod
`
pi˚Ω1Mred
˘
, (61)
thus concluding the proof. 
Then, the previous short exact sequence can be re-written in the more useful form
0 // pi˚Ω1Mred // pi
˚Ω1Mred ‘ pi˚FM // pi˚FM // 0, (62)
so that one can get the following
Theorem 4 (Berezinian of Projected Supermanifold). Let M be a projected supermanifold, with
projection given by pi : M Ñ Mred, then one has
Ber pΩ1M q – pi˚
´
detpΩ1Mredq bOMred pdetFM qb´1
¯
(63)
Proof. We have seen that in presence of a projection pi : M Ñ Mred, one has that Ω1M – pi˚Ω1Mred ‘
pi˚FM , then it is enough to take the Berezinian of the both sides of the isomorphism. In particular,
the right-hand side reads
Ber ppi˚Ω1Mred ‘ pi˚FM q – Ber
`
pi˚Ω1Mred
˘bOM Ber ppi˚FM q
– pi˚
´
detpΩ1Mredq bOMred pdetFM qb´1
¯
, (64)
thus completing the proof. 
This result allows to evaluate the Berezinian of projected supermanifolds by means of completely
classical elements: indeed, once there is a projection, what one needs is to know the canonical sheaf
KMred ..“ detpΩ1Mredq of the reduced manifold and the determinant sheaf detFM of the fermionic
sheaf, that we recall it is a (locally-free) sheaf of OMred-modules, that is an object living on the
reduced manifold!
Using this result, one can easily evaluate the Berezinian sheaf of a projective superspace Pn|m, as
the following theorem shows.
Theorem 5 (Berezinian of Pn|m (1)). Let Pn|m be the n|m-dimensional projective superspace.
Then
BerpΩ1Pn|mq – OPn|mpm´ n´ 1q. (65)
Proof. In the case of Pn|m it boils down to consider the following split exact sequence
0 // pi˚Ω1Pn // Ω1Pn|m // pi
˚pΠOPnp´1q‘mq // 0. (66)
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Therefore, taking the Berezinian of the short exact sequence, one gets
BerpΩ1Pn|mq – Ber
`
pi˚Ω1Pn ‘ pi˚
`
ΠO‘mPn
˘˘
– Berppi˚Ω1Pnq bOPn|m Ber
`
pi˚
`
ΠOPnp´1q‘m
˘˘
– pi˚
´
detpΩ1Pnq bOPn
`
detpOPnp´1q‘mq
˘b´1¯
– pi˚ pOPnp´1´ nq bOPn OPnpmqq
– pi˚ pOPnpm´ n´ 1qq
– OPn|mpm´ n´ 1q, (67)
that yields the conclusion. 
5.1. Construction: a “Super” First Chern Class. The above result, Theorem (4), allows to
define a supersymmetric analog for the Chern class of an ordinary supermanifold, at least in the
case we are dealing with a projected supermanifold. Indeed, if we define
cs1pΩ1M q ..“ c1pdet Ω1Mredq ´ c1pdetFM q, (68)
then, by imitating the usual definition for an ordinary reduced variety, it makes sense to put
cs1pM q ..“ ´cs1pΩ1M q. (69)
Notice that this reduces to the usual definition of Chern class of a variety in case we set the odd
part to zero (recall that FM Ď JM ), that is we have cs1pMredq “ c1pMredq “ ´c1pdet Ω1Mredq.
This construction immediately gives the following corollary.
Corollary 4 (Super Chern Class of Pn|m). Let Pn|m a projective superspace. Then we have
cs1pPn|mq “ n` 1´m. (70)
Proof. Since we have that FPn|m “ OPnp´1q‘m, we have that
cs1pPn|mq “ ´c1pdet Ω1Pnq ` c1pOPnp´1q‘mq (71)
“ ´c1pOPnp´1´ nqq `m ¨ c1pOPnp´1qq (72)
“ n` 1´m, (73)
that proves the corollary. 
Actually, as in [3] [10], one can reasonably define a supermanifold M to be a Calabi-Yau if it
has trivial Berezinian sheaf. We see that, in the case of projected supermanifolds, Theorem (4)
reduces the task of verifying the triviality of the Berezianian sheaf to computations on the reduced
manifolds, and likewise the super first Chern class defined above give a useful numerical criteria
(notice though, that a super-analog of Yau’s Theorem does not hold in general, see [10]: so, as
usual in supergeometry, some attention is required when addressing questions of this kind).
Example 2 (Pn|n`1 is a Calabi-Yau Supermanifold). a well-known fact that can be easily red
off the theory developed above is that in the case of a projective superspace Pn|m one satisfies
the Calabi-Yau condition choosing m “ n ` 1: in other words Pn|n`1 for any n ą 1 has trivial
Berezinian sheaf and vanishing super first Chern class.
5.2. A glimpse to de Rham Cohomology of Pn|m. For the sake of completeness and in order
to give a self-contained and exhaustive treatment of the geometry of projective superspaces, we
also report a result concerning the de Rham cohomology of Pn|m, referring to [10] for details.
Theorem 6 (de Rham Cohomology of Pn|m). The de Rham cohomology of Pn|m is given by
Hi;jdRpPn|mq “
#
Rpmj q i “ 2k, k “ 0, . . . , n, j “ 0, . . . ,m,
0 i “ 2k ` 1, k “ 0, . . . , n´ 1, j “ 0, . . . ,m. (74)
In particular, the generators are given by
ωk,Ij
..“ ^kωFS b
ľ
`PIj
θ`δpdθ`q, (75)
where Ij Ď t0, 1, . . . ,mu has cardinality j, and ωFS is the ordinary Fubini-Study form.
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Notice that in the supergeometric setting the de Rham cohomology depends in general on two
numbers, i and j above, and indeed the de Rham complex in supergeometry is not really a complex,
but a bicomplex instead. The first number, denoted as i, refers to the actual degree of the forms
and for j “ 0 it is indeed just the analog of the usual degree of a differential form. The second
one, denoted with j, is instead a supersymmetric novelty, indeed it refers to the so-called picture
number associated to a form in supergeometry. Loosely speaking, the picture number of a form
tells the number of expressions of the kind δpdθ`q that appear. These, in turn, are needed to make
the complex bounded from above in the case j “ m, something which is crucial for integration
on supermanifolds. We will not dwell into these deep and important issues any further though,
as they are not directly related to the main goals of the paper. The interested reader might want
to look at [5] [10] [16] for details and an explanation of the set of problems concerning differential
forms and integration on supermanifolds.
6. Euler Sequence and the Cohomology of Tangent Sheaf of Pn|m
The main tool that we will exploit here to compute the cohomology of the tangent bundle of the
projective super space Pn|m is a generalisation to a supergeometric setting of the ordinary Euler
exact sequence, that reads
0 // OPn|m // OPn|mp`1q b Cn`1|m // TPn|m // 0, (76)
we will write OPn|mp1q‘n`1|m “ OPn|mp`1q b Cn`1|m.
First we notice that this has an easy consequence:
Theorem 7 (Berezinian of Pn|m (2)). Let Pn|m be the n|m-dimensional projective superspace.
Then
BerpΩ1Pn|mq – OPn|mpm´ n´ 1q. (77)
Proof. We consider the dual of the super version of the Euler exact sequence in (76), that is
0 // Ω1Pn|m
// OPn|mp´1q‘n`1|m // OPn|m // 0. (78)
Since BerpOPn|mq is trivial, taking into account the multiplicative behaviour of the Berezinian with
respect to exact sequence, one finds
BerpΩ1Pn|mq – Ber pOPn|mp´1q‘n`1|mq – Ber
`OPn|mp´1q‘n`1 ‘ΠOPn|mp´1q‘m˘
OPn|mp´n´ 1q bOPn|m OPn|mpmq – OPn|mpm´ n´ 1q, (79)
which concludes the proof. 
Notice that is nothing but an easier way to get to the same result we obtained above for Pn|m.
We now look at the cohomology exact sequence associated to the Euler exact sequence. We find
the long exact sequence
0 // H0pOPn|mq e˜0// H0pOPn|mp1q‘n`1|mq // H0pTPn|mq // H1pOPn|mq // . . .
. . . // Hn´1pTPn|mq // HnpOPn|mq e˜n // HnpOPn|mp1q‘n`1|mq // HnpTPn|mq // 0.
These are the only relevant parts of the long exact sequence in cohomology associated to the Euler
sequence, since, considering the OPn -module structure of the sheaf of algebras OPn|m obtained by
the projection map pi : Pn|m Ñ Pn, one has the factorisation in a direct sum as in (15) and Theorem
1 holds true.
Actually, the map e˜n : HnpOPn|mq ÝÑ HnpOPn|mp1q b Cn`1|mq in cohomology deserves some
special attention, indeed the following theorem holds true, as Riccardo Re explained to us.
Theorem 8. The map
e˜n : H
npOPn|mq ÝÑ HnpOPn|mp1q b Cn`1|mq. (80)
has maximal rank. In particular it is injective if m ‰ n` 1.
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Proof. We use the Serre duality on a supermanifold (see [14], Proposition 3, for a thorough discus-
sion). The dualising sheaf of Pn|m is given by BerpΩ1Pn|mq, that is the so called Berezinian sheaf of
Pn|m: in Theorem (7) we have shown that it is given by OPn|mpm´ n´ 1q. Given a sheaf EPn|m of
OPn|m-module, Serre duality then reads
HipEPn|mq – Hn´ipE_Pn|m bOPn|mpm´ n´ 1qq_ (81)
By functoriality of Serre duality, we see therefore that the map ((80)) can be written as
e˜n : H
0pOPn|mpm´ n´ 1qq_ ÝÑ H0pOPn|mpm´ n´ 2q b Cn`1|mq_, (82)
which is the dual to the map H0pOPn|mpm ´ n ´ 2q b Cn`1|mq pX0,...,ΘmqÝÑ H0pOPn|mpm ´ n ´ 1qq
defined by multiplication of matrices of global sections.
SettingXi˚ and Θj˚ to be the dual base to xX0, . . . , Xn,Θ1, . . .Θmy, that generates the vector super-
spaceH0pOPn|mp1qq, we can consider the superspace Un`1|m, spanned by xX0˚ , . . . , Xn˚ ,Θ1˚ , . . . ,Θm˚y,
and we may write
H0pOPn|mpm´ n´ 1qq_ “ Symm´n´1 pUn`1|mq
H0pOPn|mpm´ n´ 2qq_ “ Symm´n´2 pUn`1|mq, (83)
where Sym denotes the symmetric power functor in the supercommutative setting. In other words,
this actually means that we are writing these spaces as the superspace of the homogeneous forms
in Xi˚ ,Θj˚ of global degrees m´n´ 1 and m´n´ 2, respectively. As usual, the dual operation to
the multiplication by a variable Xi˚ or Θj˚ , is the derivation BX˚i or BΘ˚j , respectively. Therefore
the map ((82)) can be written as the super gradient map
e˜n : Sym
m´n´1pUn`1|mq
∇˜pX˚
i
,Θ˚
j
q
// Symm´n´2pUn`1|m b Cn`1|mq. (84)
where the super gradient map is given by
∇˜pX˚i ,Θ˚j q ..“
¨˚
˚˚˚˚
˚˝˚˚
BX˚0
...
BXn˚´BΘ˚1
...
´BΘm˚
‹˛‹‹‹‹‹‹‹‚
(85)
where the minus signs in front of the odd derivatives are due to the super transposition.
Now it is obvious by inspection that this map has non-zero kernel if and only if m “ n`1, in which
case the first space consists in the constant homogeneous forms, and the second space is zero. 
The previous theorem and the knowledge of the cohomology of the sheaves OPn|mp`q we have
achieved early on, allow us to compute the cohomology of the tangent space of projective super
spaces Pn|m. Notice that, surprisingly, some attention must be paid in the case the projective
superspace is Calabi-Yau in the sense explained above (i.e. trivial Berezinian sheaf), corresponding
to m “ n` 1.
We first consider separately the cohomology of the sheaves that appear in the long exact sequence
and then we take on some remarkable examples.
‚ OPn|m : first of all it is immediate to see from the previous decomposition that one has
h0pOPn|mq “ 1; moreover, by means of the previous theorem, one has
hnpOPn|mq “ 1n!
„
dn
dxn
1
x` 1 p1` px` 2q
mq

x“0
(86)
Recall that of course one needs m ě n`1, otherwise we found no cohomology in this case.
‚ OPn|mp`1qn`1|m : we start observing that, disregarding the parity, we find the following
decomposition over Pn
OPn|mp`1q b Cn`1|m “
mà
k“0
OPnp´k ` 1q‘pn`m`1qpmk q
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This immediately leads to realise that only the cases k “ 0 and k “ 1 contribute to
h0pOPn|mp`1q‘n`1|mq, and indeed one finds
h0pOPn|mp`1q‘n`1|mq “ pn`m` 1qpn` 1q ` pn`m` 1qpmq “ pn`m` 1q2
The n-cohomology space can be computed by the above theorem, or directly as follows:
hnpOPn|mp`1q‘n`1|mq “
mÿ
k“n`2
ˆ
m
k
˙ˆ
k ´ 2
k ´ 2´ n
˙
“ n`m` 1
n!
mÿ
k“2
ˆ
m
k
˙„
dn
dxn
xk
x2

x“1
“ n`m` 1
n!
„
dn
dxn
" px` 2qm
px` 1q2 ´
1
px` 1q2 ´
m
px` 1q
*
x“0
“
“ n`m` 1
n!
„
dn
dxn
" px` 2qm
px` 1q2
*
´ p´1qnpm` n` 1q

x“0
Putting together these results and counting the dimensions, it is easy to see what happens in the
case n ě 2:
Automorphisms: taking into account the even and odd dimensions, we have that of h0pTPn|mq matches the
dimension of slpn ` 1|mq, the Lie superalgebra of the Lie supergroup PGLpn ` 1|mq, as
somewhat expected by similarity with the ordinary case on Pn. In particular, we have
h0pTPn|mq “ n2 `m2 ` 2n|2nm` 2m n ě 2, @m, (87)
that indeed equals dim slpn` 1|mq.
Deformations: dimensional reasons assures that, in the case n ą 2, the supermanifold Pn|m is rigid for
all m. Moreover, in the case n “ 2, Theorem 8 guarantees that when m ‰ 3, we have
h1pTPn|mq “ 0, since e˜2 : H2pOP2|mq Ñ H2pO‘3|mP2|m q is injective and therefore P2|m is rigid
also whenever m ‰ 3.
The only case that actually needs to be treated carefully is that of the Calabi-Yau super-
manifold P2|3: indeed, in this case Theorem 8 is not helping us, and further, since we are
working over the projective plane P2 the second cohomology groups could, in principle, be
non-zero. We have, thus, the following exact sequence:
0 ÝÑ H1pTP2|3q ÝÑ H2pOP2|3q ÝÑ H2pOP2|3p`1q‘3|3q ÝÑ H2pTP2|3q ÝÑ 0. (88)
A direct computation, or the use of the previous formulas, shows thatH2pOP2|3q – C0|1 and
H2pOP2|3p`1q‘3|3q “ 0, so one has that h1pTP2|3q “ 0|1 and therefore P2|3 possess a single
odd deformation. This is the only projective superspace having a first order deformation
whenever n ě 2. We will see that the situation is much different over P1.
In the least section of the this paper, even if it fits what we have just said above about projective
superspaces having bosonic dimension greater than 2, we will still treat in detail the case of the
Calabi-Yau supermanifold P3|4, that have entered many formal constructions in theoretical physics.
Now, we will instead focus our attention on the case of supercurves over P1.
6.1. Supercurves over P1 and the Calabi-Yau supermanifold P1|2. We start considering
supercurves of the kind P1|m, where m ‰ 2. In this case, as seen above, the map e˜1 : H1pOP1|mq Ñ
H1pOP1|mp1q‘2|mq is actually injective and the long exact sequence in cohomology splits in two
short exact sequences.
From the previous theorem, or if preferred, by direct computation, we get the following results for
the cohomologies involved,$’’&’’%
h0pOP1|mq “ 1
h1pOP1|mq “ pm´ 2q2m´1 ` 1
h0pOP1|mp`1q‘2|mq “ pm` 2q2
h1pOP1|mp`1q‘2|mq “ pm` 2qrpm` 2q ` pm´ 4q2m´1s.
(89)
This is enough to conclude that
h0pTP1|mq “ pm` 2q2 ´ 1 “ m2 ` 4m` 3. (90)
This is what we expect, since this number corresponds to the dimension - actually to the sum
of the even and odd dimensions - of the super Lie algebra slp2|mq, connected to the super group
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PGLp2|mq, the “superisation” of the general projective group PGLp2,Cq, the group of automor-
phisms of P1.
As for the first-order deformations (see also [10]), we finds that
h1pTP1|nq “ pm` 2q
“pm` 2q ` pm´ 4q2m´1‰´ pm´ 2q2m´1 ´ 1, (91)
Therefore we can observe that we have no (first-order) deformations in the case of P1|1, P1|2, P1|3
and we start having deformations from P1|4, where we find h1pTP1|4q “ 19. A more careful analysis,
aimed to distinguish between even and odd dimensions, yields: h1pTP1|4q “ 11|8.
Before we go on we notice that, of course, H2pTP1|mq “ 0, therefore following the supersymmetric
generalisation of a well-known result by Kodaira and Spencer ([12], page 21) due to A. Yu. Vain-
trob [13], we have that for any m ě 4, the complex supervariety P1|m has no obstruction classes
and there exists a Kuranishi family whose base space is a complex supermanifold having indeed
dimension equal to h1pTP1|mq. It would be certainly interesting to study this families in details to
get acquainted with the - still partially mysterious - odd deformations appearing in the theory of
supermanifolds.
We are left with the Calabi-Yau supermanifold P1|2: in this case, the map e˜1 : H1pOP1|2q Ñ
H1pOP1|2p1q‘2|2q is not injective, and the long exact sequence does not split into two short exact
sequence as for P1|m, m ‰ 2 and something interesting happens.
The key is to observe that in the case m “ 2 we get h1pOP1|2p`1q‘2|2q “ 0, so we immediately
have that h1pTP1|2q “ 0, which tells us that P1|2 is rigid. We are left with the following sequence
to evaluate:
0 ÝÑ H0pOP1|2qÝÑH0pOP1|2p`1q‘2|2q ÝÑ H0pTP1|2q ÝÑ H1pOP1|2q ÝÑ 0 (92)
Distinguishing between even and odd dimensions we finds the following results:$&%
h0pOP1|2q “ 1|0
h1pOP1|2q “ 1|0
h0pOP1|2p`1q‘2|2q “ 8|8,
(93)
therefore we have that we can find
0 Ñ C1|0ÝÑC8|8 ÝÑ H0pTP1|2q ÝÑ C1|0 Ñ 0 (94)
so as for the dimensions we have
h0pTP1|2q “ 8|8` 1|0´ 1|0 “ 8|8. (95)
This is somehow surprising for this dimension does not correspond to the dimension of the super
Lie algebra slp2|2q, connected to PGLp2|2q: we would indeed find dim slp2|2q “ 7|8 ‰ 8|8!
The SCY variety P1|2 stands out as the unique exception among projective super spaces having
h0pTPn|mq ‰ dim slpn|mq (see [10]). There is indeed one more “infinitesimal automorphism” to
account for this correction to slp2|2q, this is given by the everywhere defined field θ1θ2Bz P H0pTP1|2q
(here represented in one of the two chart covering P1|2): this is the only existing bosonisation of
the even (local) coordinate z.
Actually, one might think that following the same line - that is considering bosonisations of the
even coordinates - one might discover many more everywhere-defined vector fields enlarging the
symmetry transformation of Pn|m. It is not like this, as the above computation in cohomology
makes manifest. Indeed, such supposedly everywhere defined vector fields are not allowed by the
transformation properties of the coordinates Pn|m: the correct compensations that makes them into
global vector fields happen only in the case on one even and two odd coordinates, corresponding
to P1|2. The reader might convince himself by considering the θθ-bosonisation in the case of P1|3
or P2|2. Going up in the order of bosonisation only makes the situation worse
We can indeed be more explicit by finding a basis of global sections. The most generic section,
(in the local chart of coordinates pz|θ1, θ2q, has the form
spz, θ1, θ2q “papzq ` b1pzqθ1 ` b2pzqθ2 ` cpzqθ1θ2qBz
`
2ÿ
i“1
pApiqpzq `Bpiq1 pzqθ1 `Bpiq2 pzqθ2 ` Cpiqpzqθ1θ2qBθi . (96)
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By passing to the chart pw|φ1, φ2q one has the transformation
z “ 1
w
, θi “ φi
w
, i “ 1, 2, (97)
so that the local generators tBz, Bθiu for i “ 1, 2 of TP1|2 , transform as
Bz “ ´pw2Bw ` wφ1Bφ1 ` wφ2Bφ2q, Bθi “ wBφi , i “ 1, 2. (98)
Imposing the absence of singularities when changing local charts, from pz|θ1, θ2q to pw|φ1, φ2q -
that is computing H0pTP1|2q - we get the following
Theorem 9 (Global Sections of TP1|2). A basis of the vector superspace H0pTP1|2q is given by the
sections
V1 “ Bz, V2 “ zBz, V3 “ z2Bz ` zθ1Bθ1 ` zθ2Bθ2 , V4 “ θ1θ2Bz,
V5 “ θ1Bθ1 , V6 “ θ2Bθ1 , V7 “ θ1Bθ2 , V8 “ θ2Bθ2 , (99)
Ξ1 “ θ1Bz, Ξ2 “ zθ1Bz ` θ1θ2Bθ2 , Ξ3 “ θ2Bz, Ξ4 “ zθ2Bz ´ θ1θ2Bθ1 ,
Ξ5 “ Bθ1 , Ξ6 “ zBθ1 , Ξ7 “ Bθ2 , Ξ8 “ zBθ2 . (100)
Notice that h0pTP1|2q “ 8|8, as expected upon using homological methods. In the next section we
will start from these sections to study the N “ 2 super Riemann surfaces structure we can endow
P1|2 with.
6.2. P1|2 as N “ 2 Super Riemann Surface. We now make explicit the N “ 2 super Riemann
surface structure of P1|2. Following [9], a supermanifold M of dimension 1|2 can be endowed with
a N “ 2 super Riemann surface structure if the super tangent sheaf TM has two 0|1-dimensional
sub-sheaves D1 and D2, locally generated by vector fields D1, D2 such that they are integrable,
i.e. D2i “ fDi for some odd function f , and D1, D2 and D1 b D2 generate TM at any point. We
will call D1 and D2 the structure distributions of the N “ 2 super Riemann surface.
In other words, a N “ 2 super Riemann surfaces can be described by a triple pM ,D1,D2q where
M is an ordinary complex supermanifold of dimension 1|2 and D1 and D2 are the two structure
distributions having the properties mentioned above.
Example 3 (C1|2 as N “ 2 super Riemann surface). In order to endow the complex superspace
M “ C1|2 with a N “ 2 super Riemann surface structure one takes the sub-bundles generated, for
example, by the global sections
D0,1 “ Bθ1 ` θ2Bz, D0,2 “ Bθ2 ` θ1Bz, (101)
which are integrable (indeed tD0,i, D0,iu “ 0 for i “ 1, 2 ) and have anticommutator given by
tD0,1, D0,2u “ 2Bz, (102)
so that D0,1, D0,2, tD0,1, D0,2u generate the whole TC1|2 , that is
TC1|2 – SpanC
 
D0,1, D0,2, tD0,1, D0,2u
(
. (103)
This is an example of non-compact N “ 2 super Riemann surface.
Now a remark is in order: the “defining sections” tD0,1, D0,2, tD0,1, D0,2uu for the N “ 2 super Rie-
mann surface structure of C1|2, remain global sections of tangent sheaf even for the supermanifold
M “ P1|2, since, looking at the previous theorem (9) one has
D0,1 “ Ξ3 ` Ξ5, D0,2 “ Ξ1 ` Ξ7, Bz “ V1. (104)
The big difference resides in that such sections are not sufficient to generate the whole TP1|2 , since
Bz has a double zero in w “ 0! Indeed, since the Euler characteristic of P1 is 2, any even section
has indeed two zeros and the invertible sheaves we are looking for cannot be everywhere generated
by a single section. We thus need to look for more general odd integrable sections.
The most general form that a odd global section can take is
Dodd “
8ÿ
i“1
αiΞi, (105)
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where Ξ’s that appeared in (9) are such that SpanCtΞ1, . . . ,Ξ8u –
`
H0pTP1|3q
˘
1
and where αi
for i “ 1, . . . , 8 are complex constants. After imposing the integrability condition in the form
D2odd “ 0, we get that one must have the following conditions satisfied$&% α1α5 ` α7α3 “ 0,α2α6 ` α8α4 “ 0,
α1α6 ` α2α5 ` α3α8 ` α4α7 “ 0.
(106)
Solving, we find the sections
D1 “α1pΞ3 ` Ξ5q ` α2pΞ4 ` Ξ6q, (107)
D2 “β1pΞ1 ` Ξ7q ` β2pΞ2 ` Ξ8q, (108)
again for α1, α2, β1, β2 P C. The anticommutator reads
tD1, D2u “ 2rα1β1Bz ` α2β1pθ1Bθ1 ` zBzq ` α1β2pθ2Bθ2 ` zBzq ` β1β2pz2Bz ` zθ1Bθ1 ` zθ2Bθ2qs.
Notice that the sections D1 and D2 of equations (107), (108) can be re-written in the more mean-
ingful form
D1 “rα1 ` α2pz ´ θ1θ2qspΞ3 ` Ξ5q, (109)
D2 “rβ1 ` β2pz ` θ1θ2qspΞ1 ` Ξ7q. (110)
These expressions make apparent that D1 and D2 generate two invertible sheaves of rank 0|1 - we
call them D1 and D2 respectively as above - by varying the coefficients (as the zeros are moved
everywhere), that is we have
D1 – SpanCD1, D2 – SpanCD2. (111)
Also, we see that nowD1, D2 andD1bD2 generate the whole TP1|2 , since the triple tD1, D2, tD1, D2uu
does.
We can also investigate the automorphisms of the N “ 2 super Riemann surface structure.
Indeed, the automorphisms of P1|2 are generated by the set of all global sections of TP1|2 determined
above. We have to select the sub-algebra of global sections acting internally on the invertible
sheaves D1, D2 and D1 b D2. By a direct inspection we see that the automorphisms of the
N “ 2 super structure are generated by a 4|4-dimensional linear superspace with basis given by
tU1, . . . U4,Σ1, . . . ,Σ4u, where
U1 ..“ V1, U2 ..“ V2 ` V5, U3 ..“ V3, U4 ..“ V2 ` V8,
Σ1 ..“ Ξ1 ` Ξ7, Σ2 ..“ Ξ2 ` Ξ8, Σ3 ..“ Ξ3 ` Ξ5, Σ4 ..“ Ξ4 ` Ξ6. (112)
These generators satisfy the super commutation relations
rU1, U2s “ U1, rU1, U3s “ U2 ` U4, rU1, U4s “ U1,
rU2, U3s “ U3, rU2, U4s “ 0, rU3, U4s “ ´U3;
tΣ1,Σ2u “ 0, tΣ1,Σ3u “ 2U1, tΣ1,Σ4u “ 2U2,
tΣ2,Σ3u “ 2U4, tΣ2,Σ4u “ 2U3, tΣ3,Σ4u “ 0;
rU1,Σ1s “ 0, rU1,Σ2s “ Σ1, rU1,Σ3s “ 0, rU1,Σ4s “ Σ3,
rU2,Σ1s “ 0, rU2,Σ2s “ Σ2, rU2,Σ3s “ ´Σ3, rU2,Σ4s “ 0,
rU3,Σ1s “ ´Σ2, rU3,Σ2s “ 0, rU3,Σ3s “ ´Σ4, rU3,Σ4s “ 0,
rU4,Σ1s “ ´Σ1, rU4,Σ2s “ 0, rU4,Σ3s “ 0, rU4,Σ4s “ Σ4.
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Something better can be done in order to write the resulting superalgebra in a more meaningful
and, in particular, physically relevant form. We define
H ..“ U1, K ..“ U3, D ..“ 1
2
pU2 ` U4q , Y ..“ 1
2
pU2 ´ U4q ,
Q1 ..“ 1?
2
pΣ1 ´ iΣ3q , Q2 ..“ 1?
2
pΣ3 ´ iΣ1q , S1 “ ´ 1?
2
pΣ2 ´ iΣ4q , S2 ..“ ´ 1?
2
pΣ4 ´ iΣ2q .
(113)
For completeness, we write these elements in terms of the (local) basis of the tangent space:
Bosonic generators:
$’’&’’%
H ..“ Bz,
K ..“ z2Bz ` zθ1Bθ1 ,
D ..“ zBz ` 12 pθ1Bθ1 ` θ2Bθ2q,
Y ..“ 12 pθ1Bθ1 ´ θ2Bθ2q ;
Fermionic generators:
$’’&’’%
Q1 ..“ 12 pθ1Bz ` Bθ2 ´ ipBθ1 ` θ2Bzqq ,
Q2 ..“ 12 pBθ1 ` θ2Bz ´ ipθ1Bz ` Bθ2qq ,
S1 ..“ 12 pp´zθ1 ` izθ2qBz ` ipz ´ θ1θ2qBθ1 ` p´θ1θ2 ´ zqBθ2q ,
S2 ..“ 12 pp´zθ2 ` izθ1qBz ` p´z ` θ1θ2qBθ1 ` ipz ` θ1θ2qBθ2q .
(114)
These definitions allows to prove, by simply computing the supercommutators, the following
Theorem 10 (N “ 2 SUSY Algebra). Let pP1|2,D1,D2q be the N “ 2 super Riemann surfaces con-
structed from P1|2. Then the algebra of the N “ 2 SUSY-preserving infinitesimal automorphisms
is generated by
!
H,K,D, Y
ˇˇ
Q1, Q2, S1, S2
)
and it corresponds to the Lie superalgebra ospp2|2q of
the orthosymplectic Lie supergroup OSpp2|2q, as it satisfies the following structure equations:
tQi, Qju “ ´2iδijH, tSi, Sju “ ´2iδijK, tQi, Sju “ `2iδijD ´ 2ijY,
rH,Qis “ 0, rH,Sis “ ´Qi, rH,Qis “ Si, rH,Sis “ 0,
rD,Qis “ ´1
2
Qi, rD,Sis “ 1
2
Si, rY,Qis “ 1
2
ijQj , rY, Sis “ 1
2
ijSj ,
rY,Hs “ 0, rY,Ds “ 0, rY,Ks “ 0, (115)
together with the structure equations of the closed (bosonic) sub-algebra op2, 1q:
rH,Ds “ H, rH,Ks “ 2D, rD,Ks “ K. (116)
We stress that, as the reader with some expertise in supersymmetric QFT’s might have easily
noticed, the form above has the merit to make manifest all the physically relevant elements of the
superalgebra, such as the translations, rotations, supersymmetries, dilatations and so on. This
shows a direct connection with physical theories, which is sometimes left hidden in the more
mathematical oriented literature.
It is anyway fair to stress that some attention need to to be paid here. Indeed, even if ospp2|2q
is actually the Lie superalgebra of automorphisms of P1|2 as N “ 2 super Riemann surface, the
related supergroup OSpp2|2q, defined as
OSpp2|2q ..“  A P GLp2|2q : AstI2|2A “ I2|2( where I2|2 ..“
¨˚
˚˝ 0 ´1 0 0´1 0 0 0
0 0 0 1
0 0 ´1 0
‹˛‹‚, (117)
is not the supergroup of automorphisms of P1|2 as N “ 2 super Riemann surface. Instead, it turns
out (see for example [9]) that the supergroup of automorphisms of P1|2 as a N “ 2 super Riemann
surfaces - call it P1|2N“2 is obtained as a suitable quotient of OSpp2|2q, indeed we have
1 // Z2 // OSpp2|2q // Aut pP1|2N“2q // 1. (118)
where Z2 “ t˘1u. One can see that AutpP1|2N“2q has two connected components as OSpp2|2q:
an automorphism that do not belong to the identity component interchanges the two structure
distributions, D1 Ø D2.
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6.3. N “ 2 Semi-Rigid Super Riemann Surfaces and Genus 0 Topological String. In the
previous section we have shown how to endow P1|2 with the structure of an N “ 2 super Riemann
surface and we have studied its geometry to some extent. Actually, this particular supermanifold
plays a fundamental role in a certain formulation of topological string theory.
Roughly speaking, a topological string theory is obtained by coupling a topological field theory
- that is a quantum field theory whose correlation functions can be exactly solved -, with a suitable
worldsheet gravity (called D “ 2 topological gravity). It has been observed long ago in [6] that the
worldsheet of a topological string theory can be constructed geometrically in a very natural way
as a N “ 2 semi-rigid super Riemann surface: these supermanifolds are N “ 2 super Riemann
surface whose fermionic sheaf FMN“2 “ D1 ‘D2 undergoes a certain twist.
Even if there exists some recent physical literature on the subject (see for example [2]), only the
big-picture is addressed and no specific example is actually carried out in detail. We leave to a
forthcoming paper the actual construction of genus 0 topological string worldsheet and the related
A-model and B-model. Here we limit ourselves to construct the only genus zero N “ 2 semi-rigid
super Riemann surface (indeed the related supermoduli stack has dimension 0|0 if g “ 0, it is a
superpoint). The general recipe to obtain a semi-rigid super Riemann surface from an N “ 2 super
Riemann surface is to twist its distinguished sheaves, call it D` and D´ as to get an odd trivial
sheaf (together with an odd non-zero trivial section) and an odd canonical sheaf. In the case of
P1|2N“2 the twist leads then to ΠOP1 and ΠOP1p´2q, and there are two such possible twists:
Topological Twists:
$&% T W` : D` ‘D´ ÝÑ ΠOP
1 ‘ΠOP1p´2q,
T W´ : D` ‘D´ ÝÑ ΠOP1p´2q ‘ΠOP1 ,
(119)
We call the related semi-rigid super Riemann surfaces P1|2N“2,` and P
1|2
N“2,´: clearly one has
P1|2N“2,` – P1|2N“2,´. These two supermanifolds will be the basic ingredients that enter the con-
struction of genus 0 topological string worldsheet and different choices of twists for certain pairs
of N “ 2 semi-rigid super Riemann surface yields A-model or B-model, but we will need to deal
with some subtleties concerning embedding of supermanifolds.
6.4. The Calabi-Yau Supermanifold P3|4. We now briefly discuss the Calabi-Yau supermani-
fold P3|4. This is definitely one of the most celebrated supermanifold in theoretical physics, where
it is sometimes called supertwistor space. The relevance of P3|4 is mainly due to one [15]. In this
famous paper, Edward Witten showed that there exists an “equivalence” between the perturbative
expansion of N “ 4 super Yang-Mills theory and the D-instantons expansion of a particular string
theory. This string theory is actually a topological B model having as target space the Calabi-Yau
supermanifold P3|4.
Even if P3|4 enters this striking and unexpected duality, it is fair to say that on the supergeomet-
rical ground it is a pretty rough supermanifold, as we shall see shorly.
As discussed early on in this paper, its automorphisms supergroup is given - as expected - by
PGLp4|4q, of dimension 31|32. This matches the calculation at the level of the algebra of the
automorphisms that can be done using the Euler exact sequence,
0 // OP3|4 // OP3|4p`1q‘4|4 // TP3|4 // 0. (120)
The induced long cohomology exact sequence begins with
0 // H0pOP3|4q // H0pOP3|4p`1qq‘4|4 // H0pTP3|4q // 0, (121)
then using the above formulas or with a direct calculation one easily finds that, on the one hand
H0pOP3|4q “ C1|0, while on the other hand
H0pOP3|4p`1q‘4|4q – H0pOP3p`1q‘4 ‘O‘16P3 q ‘ΠH0pOP3p`1q‘4 ‘O‘16P3 q – C32|32, (122)
so that taking the quotient one has H0pTP3|4q “ C31|32.
Moreover, going up in the long cohomology exact sequence and looking again at the sheaves
on P3|4 as sheaves on P3 by means of the projection pi : P3|4 Ñ P3, one sees that H1pTP3|4q “ 0.
This is so since one has HipOP3pkqq “ 0 for i “ 1, 2 for any k P Z and therefore H1pTP2|3q sits
between two zeroes. This tells that the Calabi-Yau supermanifolds P3|4 is actually rigid, it does
not allow (first order) deformations (see [13]). Such a geometric rigidity result, in turn, calls for a
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better understanding of the super mirror map proposed by Aganagic and Vafa in [1]: this involves
in particular P3|4, whose supposed mirror supermanifold would be (in a suitable limit) a certain
quadric in P3|3ˆP3|3. The whole construction is carried out by mean of a path-integral computation
and it is hard to retrive the underlying geometry and the actual mirror map. For example, if in the
ordinary geometric formulation of mirror symmetry the Kähler moduli and the complex moduli
of two mirror manifolds get interchanged, in a supergeometric setting it is not even clear how to
define a Kähler structure - and thus a Kälher moduli space -, so that it is hard to say in what
sense the map given in [1] should be intended as a mirror map, rather than something else.
Appendix A. Even Exponential Map
In this appendix we prove the actual exactness of even exponential exact sequence, that we use
throughout this paper to study the invertible sheaves of rank 1|0 on a supermanifold,
0 // ZM // OM ,0 exp // O˚M ,0 // 0, (123)
where OM ,0 is the even part of the structure sheaf of M and O˚M ,0 is the even part of the sheaf of
invertible elements in OM , i.e. whose sections have a non-zero reduced part. Notice that they are
sheaves of abelian groups (respectively, additive and multiplicative).
Actually, the only thing that we need to check is the surjectivity of the exponential map. Given a
supermanifold M , we therefore consider
U ÞÝÑ expU : OM ,0pUq ÝÑ O˚M ,0pUq
s0 ÞÝÑ expU ps0q ..“ e2piis0 . (124)
where OM ,0 and O˚M ,0 are the even part of the corresponding Z2-graded sheaf. We have the
following
Theorem 11. The map exp defined above is surjective and kerpexpq “ ZM .
Proof. Surjectivity is to be proved locally, on the stalks. Choosing an open set U Q x, we can take
a representative of an element in O˚M ,0, x such that the corresponding element in O˚M ,0pUq has the
following expansion
f0px, θq “ fHpxq `Npx, θq, fHpxq ‰ 0. (125)
Notice that, for the sake of convenience, we have split the contribution on the reduced manifold,
fHpzq - which is an ordinary non-zero holomorphic function since we are considering an invertible
element in O˚M ,0pUq - and we have gathered all the nihilpotent contributions in the expansion in the
term Npx, θq P JM pUq, such that Nmpx, θq “ 0 and Nm´1px, θq ‰ 0 for some m ě 2, nihilpotency
index.
Now, since fHpxq ‰ 0, if one wish, it can be collected to give
f0px, θq “ fHpxq
ˆ
1` Npx, θq
fHpxq
˙
. (126)
This might be useful in writing the logarithm, defined as to be the (local) inverse of the exponential,
that is U ÞÑ logU with logU ps0q “ 12pii logps0q for s0 P O˚M ,0. In this way, using the expression above,
one finds:
logU pf0q “ 12pii log pfHpxqq `
1
2pii
log
ˆ
1` Npx, θq
fHpxq
˙
(127)
“ 1
2pii
log pfHpxqq ` 1
2pii
m´2ÿ
k“0
p´1qk
k ` 1
ˆ
Npx, θq
fHpxq
˙k`1
(128)
This is well-defined for log pfHpxqq is the logarithm of an ordinary holomorphic non-zero function
and it is locally single-valued and the remaining part is a finite sum of nihilpotents. Therefore
one has that over a generic open set U Ă |M | containing x, f0 “ expU plogU pf0q, that is exp is
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surjective. We can now evaluate the exponential of the above quantity to establish the kernel of
the map:
expU pf0q “ e2piipfHpxq`Npx,θqq “ e2piifHpxqe2piiNpx,θq “ (129)
“ 2pii e2piifHpxq
˜
1`
m´1ÿ
k“1
Npx, θqk
k!
¸
!“ 1U (130)
Now the exponential above, e2piifHpxq, is the usual complex exponential map that has kernel given
by the sheaf of locally constant functions taking integral values Z. Let suppose that f0 P kerpexpq,
the only way for this to be true is that
řm´1
k“1
Npx,θqk
k! “ 0, which in turn implies that Npx, θq “ 0,
indeed, multiplying on the left and on the right side by Nm´2:˜
m´1ÿ
k“1
Npx, θqk
k!
¸
¨Nm´2px, θq “ Nm´1px, θq ‰ 0. (131)

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